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AUTOMORPHISMS OF PERFECT COMPLEXES
AJNEET DHILLON AND PA´L ZSA´MBOKI
Abstract. Automorphisms of a perfect complex naturally have the structure of an ∞-group: the
1-morphisms are quasi-isomorphisms, the 2-morphisms are homotopies, etc. This article starts by
proving some basic properties of this ∞-group. We go on to study the deformation theory of this
stack of ∞-groups and give a criterion for this stack to be formally smooth. The classifying stack of
this∞-group classifies forms of a complex. We discuss a version of Hilbert 90 for perfect complexes,
and a homotopical Skolem–Noether theorem.
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1. Introduction
The purpose of this article is to study the automorphism group associated to a perfect complex
E. As perfect complexes live in derived categories, or some enhanced derived category, this
object naturally acquires a higher categorical structure. Our purpose is to prove some elementary
properties of Aut(E) such as this∞-stack is in fact algebraic. We study its deformation theory. The
final two sections of this article give applications to Hilbert 90 type theorems and a homotopical
Skolem–Noether.
There are a number of models for higher categories. In this article we will use quasi-categories.
In the the context of dg-categories a related result has appeared in [TV07]: let S be an affine scheme,
andX
f
−→ S a smooth and propermorphismof schemes. Then the stack PerfX/S of families of perfect
complexes along f is locally algebraic and locally of finite type [TV07, Corollary 3.29]. Let E be a
1
perfect complex on X. This result implies that AutX/S(E) is algebraic. Using a similar argument to
there, we can show that, at least as long as we are only interested in the Hom stacks, we can drop
the smoothness assumption:
Theorem 3.10. Let X
f
−→ S be a proper morphism of quasi-compact and quasi-separated schemes, and E, F
perfect complexes on X. Then the stack of families of morphisms opRH omX/S(E, F) is algebraic.
In particular, this shows that in this generality, AutX/S(E) is algebraic.
In Section 4 we study the deformation theory of the stack of automorphisms. The deformation
theory of complexes in derived categories has been studied in [Lie06] and [HT14]. We modify
the usual argument for deformations of a morphism of modules, as presented in [Ill71], to obtain
obstructions and deformations. The obstruction to lifting a point of Aut(E) lies inside Ext1(E,E).
In the case that this obstruction vanishes, the∞-group Aut(E) is smooth. Using this, we can prove
a version of the Hilbert 90 Theorem for perfect complexes.
Let X be a scheme, and E, F be OX-modules. Let τ be a (Grothendieck) topology on X. We say
that F is a τ-form of E, if there exists a τ-covering U → X, and an isomorphism of OU-modules
E|U  F|U. The classical Hilbert 90 theorem states that for a scheme X and n ≥ 1, we have
H1fppf(X,GLn) = H
1
Zar(X,GLn).
That is, if F is an fppf-form of O⊕n
X
, then it is actually a Zariski form: there exists a Zariski covering
V → X and an isomorphism F|V  O⊕n
V
. In other words, F is a locally free sheaf of rank n.
In general, the delooping BAutE classifies perfect complexes F which are quasi-isomorphic to
E after a base change along an effective epimorphism U → X. Since AutE is algebraic, and thus
fppf, the classifyingmapX
cE
−→ BAutE of E is fppf, which implies that we can find an fppf covering
U → X such that E|U ≃ F|U. Similarly, in case the ∞-group AutE is smooth, then we can find a
smooth covering U → X such that E|U ≃ F|U. This is explained in Proposition 3.15 and Corollary
3.16. Standard arguments now imply that any two forms must be quasi-isomorphic after some
e´tale extension (Proposition 4.6).
In Section 5, with a little more work, we can show that in fact they must be Zariski-locally
quasi-isomorphic:
Theorem 5.3 (Hilbert 90 for perfect complexes). Let X be a Noetherian scheme with infinite residue
fields, and E a perfect complex on X. Suppose that F is an fppf-form of E, that is there exists an fppf covering
U → X and a quasi-isomorphism E|U ≃ F|U. Then F is a Zariski form of E, that is there exists a Zariski
covering V → X and a quasi-isomorphism E|V ≃ F|V.
The argument for Zariski forms is independent of the deformation theory studied in Section 4.
In Section 6, we study a homotopical version of the classical Skolem-Noether theorem. LetMatn
denote the algebra sheaf of n × n matrices. The classical Skolem–Noether theorem states that the
sequence of group sheaves
1→ Gm → GLn → AutMatn → 1
2
is exact. Let Azn denote the stack of rank n Azumaya algebras, that is algebra sheaves A such that
locally they are isomorphic to Matn. Via delooping, we get a fibration sequence of pointed stacks
BGLn
End
−−→ Azn
A 7→X (A)
−−−−−−−→ B2Gm.
In particular, for every Azumaya algebra A, one can take its gerbe of trivializations X (A). This is a
Gm-gerbe, therefore it is classified by a class in H
2(X,Gm), its Brauer class.
If S admits an ample invertible sheaf, then every torsion class in H2(X,Gm) is represented by
an Azumaya algebra [dJ], but there is a counterexample for a nonseparated scheme [EHKV01,
Corollary 3.11].
On the other hand, every cohomology class in H2(X,Gm) is realized by a derived Azumaya
algebra [Toe¨12, Corollary 3.8], that is a perfect complex Awith an algebra structure such that
(1) The underlying perfect complex of A is totally supported.
(2) There exists a covering U → X and a perfect complex E on U such that A|U ≃ REndE.
The proof of this result is based on the study of the ∞-stack of dg-categories. In particular, it
does not involve a Skolem–Noether-type theorem for perfect complexes. We have shown that it’s
possible to get such a result:
Theorem 6.7 (homotopical Skolem–Noether). Let E ∈ Perf(X) be a perfect complex. Let SuppE
i
−→ OX
denote the inclusion map of the support of E. Then we have a fibration sequence of pointed∞-stacks over X:
i∗ BGm
L 7→E⊗L
OE
L
−−−−−−−→ BAutE
REnd
−−−−→ BAutREndE.
The derived Skolem–Noether theorem of Lieblich [Lie09, Theorem 5.1.5] can be gotten as the
1-truncation of this result. It is used to give limits of families of PGLn-bundles as generalized
Azumaya algebras, that is 1-descent dataof pre-generalizedAzumaya algebras: weak algebras onperfect
complexes which are locally quasi-isomorphic to REndF, where F is a perfect totally supported
sheaf. It is shown that if X → S is a smooth projective relative surface, then stackification is
unnecessary: families of pre-generalized Azumaya algebras satisfy 1-descent [Lie09, Proposition
6.4.1]. Using our result, one can lift this restriction: over any quasi-separated and quasi-compact
scheme, pre-generalized Azumaya algebras satisfy 1-descent. We explain this in Application 6.8.
2. Background andNotation
Let S be a scheme. We denote by SchS the category of S-schemes which are quasi-compact and
quasi-separated over SpecZ.
Suppose thatA is a Grothendieck abelian category, such as sheaves of OX-modules on a scheme
X. Applying the dg-nerve to the category of complexes in A, see [Lur16], we obtain a quasi-
category Ndg(Ch
+(A)). We will be interested in the full subcategory on complexes of injectives,
D+(A) = Ndg(Ch
+(A-inj)) Let’s recall what this simplicial set looks like.
The n-simplicies consist of pairs ({Ki}, { fI}) where
(1) for 0 ≤ i ≤ nwe have a bounded below cochain complex Ii of injectives
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(2) for each subset I ⊆ {0, . . . , n} of the form I = {i− < i1 < · · · < im < i+} where m > 0 we have
fI ∈ Homdg(Ii− , Ii+) satisfying the equation
d fI =
∑
1≤ j≤m
(−1) j( fI−{i j} − fi j<···<im<i+ ◦ fi−<i1<···<i j ).
The related quasi-categories of truncated complexes can be constructed in the obvious way. This
gives the quasi-category D+(A) a t-structure [Lur16, Proposition 1.3.5.21].
Since we are interested in the moduli theory of complexes, we would like have a simplicial
sheaf Sch
op
S
D+
−−→ Cat∞ such that for an S-scheme T, we have D
+(T) ≃ D+(OT-Mod). This has been
constructed via universal properties in [HS].
In our article [DZs18], our main objective was to make this construction explicit, and give a
self-contained proof of fppf descent. The main problem with the relative construction is that for a
morphism of S-schemes U
g
−→ T, the derived pullback map D+(T)
Lg∗
−−→ D+(U) is only unique up to
homotopy. To keep track of these homotopies, we can make use of Gillespie’s theory [Gil07] to get,
for each S-schemeT, a flat resolution functorC h(T)
PT
−→ Dfl(T)with counitmapC h(T)×∆
1 rT−→ C h(T)
[DZs18, §3.2].
The explicit definition is made possible via the straightening-unstraightening construction
[Lur09, §3.2]: instead of constructing a functor Sch
op
S
→ Cat∞, we can construct a Cartesian
fibration opD+
S
→ SchS, where
(1) σ = (Ti, ti j) is an n-simplex in the nerve of the category SchS. That is, for each 0 ≤ i ≤ n, Ti
is an S-scheme, and for each 0 ≤ i < j ≤ n, ti j is a morphism of S-schemes Ti → T j such that
for each 0 ≤ i < j < k ≤ n, we have ti j = t jkti j.
(2) For each 0 ≤ i ≤ n,Ki is a complex of injectiveOTi-moduleswith quasi-coherent cohomology
sheaves.
(3) For each I = {i− < i1 < · · · < im < i+} ⊆ [n] with m ≥ 0, we have fI ∈ RHom
m
Ti−
(Lt∗
i−i+
Ki+ ,Ki−)
such that
d fI =
∑
1≤ j≤m
(−1) j( fI−{i j} ◦ (t
∗
i−i+
rLt∗
i ji+
Ki+
) − f{i−,...,i j} ◦ (Lt
∗
i−i j
f{i j,...,i+})).
Let [m]
α
−→ [n] be a morphism in ∆. Then the corresponding map (opDS)n
α∗
−→ (opDS)m is defined
as
(σ, (Ki)i∈[n], ( fI)I⊆[n]) 7→ (σ ◦ α, (Kα( j)) j∈[m], (gJ)J⊆[m]),
where
gJ =

fα(J) α|J is injective,
idIi |J| = 2 and α(J) = {i},
0 else.
Note that for an S-scheme T, we have (opD+
S
) ×SchS {T} = D
+(T)op by construction. Moreover, for
(U, J), (T, I) ∈ opDS, we have [DZs18, Proposition 5.2]
HomRopDS ((U, J), (T, I)) 
⊔
U
g
−→T
DK τ≤0 RHomU(Lg
∗I, J).
4
Here, HomR is a description of a mapping space in a quasi-category [Lur09, §1.2.2], and DK is the
Dold–Kan functor [Lur16, §1.2.3]. We show that thefibration opD+
S
→ SchS is apresentable fibration
[DZs18, Proposition 5.10], and give a self-contained proof of fppf descent [DZs18, Theorem 6.6].
3. AutE is algebraic
The automorphism∞-group of a perfect complex E should in principle be a functor
AutE : SchS → Set∆
that has its image inside the full subcategory of Kan complexes. The vertices of the Kan com-
plex AutE(T) should be the quasi-automorphisms of ET, the edges homotopies between quasi-
automorphisms, 2-simplices higher homotopies, so on and so forth. Rather than construct this
functor, by the straightening-unstraightening construction it is sufficient to construct a right fibra-
tion over SchS.
3.1. opRH omS(E, F) is a stack.
Construction 3.1. LetC be a quasi-categorywith a final object S ∈ C ,X
p
−→ C a Cartesian fibration,
and x, y ∈ X (S) two objects over S. Since S ∈ C is a final object, there exists a Cartesian section
C
y•
−→ X with yS = y [DZs18, Lemma 2.5]. Then the mapping prestack can be formed as the strict
fibre product
M ap(x, y) X /y
C X .
In particular, in case C = SchS, X =
opDS, and E, F ∈ D(S) are two complexes of quasi-coherent
OS-modules, then M ap(E, F) = op RH omS(E, F), the RHom stack.
Remark 3.2. Let T be an S-scheme. Note that by construction, we have op RH omS(E, F)(T) =
HomRopDS(F,E) [Lur09, §1.2.2], which in turn is equivalent to DK τ≤0 RHomT(ET, FT) [DZs18, Propo-
sition 5.4].
Construction 3.3. Let us now show that the construction M ap(x, y) is functorial in (x, y) ∈ X op ×
X . Since the inclusion {S} → C is cofinal, the map {S} → C ♯ is a trivial Cartesian cofibration
[Lur09, Theorem4.1.3.1], thus so is themapX ♭×{S} → C ♭×C [Lur09, Corollary 3.1.4.3]. Therefore,
the inclusion C (S)♭ → opX ♮ of marked simplicial sets over C ♯ extends to a map X ♭ × C ♯
C
−→ X ♮.
That is, taking Cartesian resolutions can be done in a natural way. Let X (S)
i
−→ X denote the
inclusion. Now we can take the strict fibre product
M ap TwArr(M ap)
X × C ×X op X ×X op.
C × i
5
Note that the fibre of M ap along the inclusion {y} × C × {x} → X (S) × Sch×X (S)op is equivalent
to M ap(x, y).
In case C = SchS and X =
opDS, we denote M ap by
op RH omS.
Proposition 3.4. Let C be a quasi-category with a final object S, and X
p
−→ C a presentable fibration. Let
U
g
−→ T be a morphism in C . Suppose that X satisfies descent with respect to g. Let x, y ∈ X (S). Then the
right fibration M ap(x, y)→ C satisfies descent with respect to g too.
Corollary 3.5. Let X
f
−→ S be a morphism of schemes. Let E, F ∈ D(X). Then op RH om(E, F)X is a
stack. Therefore, we can take its pushforward and get the stack of families of morphisms of complexes
opRH om(E, F)X/S.
Proof of Proposition 3.4. Since the construction of M ap(x, y) is natural, we can assume T = S. Let
U• = k denote the Cˇech nerve of g, and U
+
• = k¯ the augmented Cˇech nerve. Let x• resp. y• denote
Cartesian resolutions of x resp. y. LetU•
ε
−→ S denote themap in C ∆
op
induced byU+• , and similarly
for the map U+•
ε+
−→ S. The Cartesian resolution y• induces morphisms y•|k
εy
−→ y in X ∆
op
and
y•|k¯
ε+y
−→ y in X ∆
op
+ . Since for each n ∈ ∆op the edge yn
εy(n)
−−−→ y is p-Cartesian, the edge εy is
p∆
op
-Cartesian [Lur09, Proposition 3.1.2.1]. Therefore, the bottom horizontal map in the strict fibre
product
Γ(U•,X )/εy Γ(U•,X )/y
(X ∆
op
)/εy (X ∆
op
)/y ×(C ∆op )/S (C
∆op)/ε.
φ
(incl, ∗ε)
is a trivial fibration, and thus so is φ. Since φ commutes with the restriction maps to Γ(U•,X ),
its restriction ΓCart(U•,X )/εy
φ
−→ ΓCart(U•,X )/y is also a trivial fibration. The restriction map
ΓCart(U•,X )/εy → ΓCart(U•,X )/y• |k is also a trivial fibration, as we can postcompose. Therefore,
since we do the same for the augmented simplicial diagrams, we get a strict commutative diagram
ΓCart(U
+
• ,X )
/y• |k¯ ΓCart(U
+
• ,X )
/ε+y ΓCart(U
+
• ,X )
/y
ΓCart(U•,X )/y•|k ΓCart(U•,X )/εy ΓCart(U•,X )/y
ψ
where all the horizontal arrows are trivial fibrations. Since X satisfies descent with respect to
g, the left vertical arrow is a trivial fibration too. Therefore, by the 2-out-of-3 property, the other
two vertical arrows are categorical equivalences. Since the vertical arrows are right fibrations by
Lemma 3.6, they are Cartesian fibrations [Lur09, Proposition 2.4.2.4]. Therefore, they are trivial
fibrations [Lur09, Corollary 2.4.4.6].
By construction, we have a strict fibre product diagram
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Γ(U•,M ap(x, y)) Γ(U•,X )/y
∆0 Γ(U•,X ).
x•|k
Therefore, we get a diagram with the square a strict fibre product
Γ(U+• ,M ap(x, y))
Z ΓCart(U
+
• ,X )
/y
Γ(U•,M ap(x, y)) ΓCart(U•,X )/y.
ι
ψ ψ
x• |k
Since ψ is a trivial fibration, Z is a Kan complex. Therefore, ι is the inclusion map of a full
sub-Kan complex of a Kan complex, the image of which intersects every connected component of
Z. Therefore, it is a weak equivalence. This shows that ψι is a weak equivalence. But ψι is also a
Kan fibration by Lemma 3.6. Therefore, it is a trivial fibration as required.

Lemma 3.6. Let L′ ⊆ L be simplicial sets, and X
p
−→ L an inner fibration. Then the restriction maps
Γ(L,X ) → Γ(L′,X ) and ΓCart(L,X ) → ΓCart(L′,X ) are inner fibrations. If p is a right fibration, then
the restriction map is a Kan fibration.
Proof. Let n ≥ 2 and 0 < i < n. Then a lifting problem
Λn
d Γ(L,X )
∆n Γ(L′,X ).
is the same as a lifting problem
(Λn
d
× L) ×Λn
d
×L′ (∆
n × L′) X
∆n × L L.
Thus, it is enough to show that the inclusionmap (Λn
d
×L)×Λn
d
×L′ (∆
n×L′) ⊆ L×∆n is inner anodyne.
This is implied by that Λn
d
⊂ ∆n is inner anodyne [Lur09, Corollary 2.3.2.4]. As the subcategories
on Cartesian sections are full subcategories, the same argument goes through for them. In case p
is a right fibration, we can use a similar argument for n ≥ 0 and 0 ≤ d ≤ n.

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3.2. AutE is algebraic. Let k be a field, X
f
−→ S a proper morphism of schemes, and E, F perfect
complexes on X. Now we will show that the stack of families of morphisms op RH omX/S(E, F) is
algebraic. This will imply that AutX/S(E) and BAutX/S(E) are also algebraic. In [TV07, Corollary
3.29], Toe¨n and Vaquie´ show that in case f is smooth and proper, the stack Perf[a,b]
X/S of families
of perfect complexes of a given Tor amplitude is algebraic. Note that we do not require f to be
smooth.
Definition 3.7. Let E be a perfect complex on X. We will say that its Tor amplitude is contained in
[a, b], if for all OX-modulesM, we have
H
i(E ⊗L M) = 0 for i < [a, b].
We will also say that E is of Tor amplitude [a, b] if [a, b] is the minimal interval so that the Tor
amplitude of E is contained in [a, b]. We will say that E has Tor length b − a, if it has Tor amplitude
[a, b].
Proposition 3.8. The following assertions hold.
(1) There exist integers a ≤ b such that E is of Tor amplitude [a, b].
(2) Let Y
g
−→ X be a morphism of S-schemes. Let E be a perfect complex of Tor amplitude [a, b]. Then
Lg∗E is of Tor amplitude [a, b].
(3) Let Y → X be a morphism of S-schemes. Let Perf≥0(Y) ⊂ Perf(X) denote the full subcategory of
perfect complexes with Tor amplitude contained in [0, b] for some b ≥ 0. Similarly, let Perf≤0(Y) ⊂
Perf(X) denote the full subcategory of perfect complexes with Tor amplitude contained in [a, 0] for
some a ≤ 0. Then (Perf≤0(Y),Perf≥0(Y)) is a t-structure on the stable quasi-category Perf(Y).
Proof. Since we’re using cohomology sheaves in the definition of Tor amplitude, these follow from
[TV07, Proposition 2.22].

Notation 3.9. In this section, the notations τ≤b and τ≥a will refer to truncation with respect to the
t-structure given by Tor amplitude.
Theorem 3.10. The stack op RH omX/S(E, F) is algebraic.
Corollary 3.11. The automorphism group AutX/S E is algebraic.
Corollary 3.12. The delooping BAutX/S E is algebraic.
Proof of Corollary 3.11. We claim that the inclusion map AutX/S E
i
−→ RH omX/S(E,E) is an open
immersion. LetT be an S-scheme, and T
t
−→ RE ndX/S(E, F) a section. ThenT represents amorphism
of complexes EXT
φ
−→ FXT . By construction, the strict pullback T
′ of T along i is the complement
of the support of the cone of φ, that is the intersection of the complements of the supports of
the cohomology sheaves of the cone of φ, which is closed. Since fibrewise i is the inclusion of
connected components, T′ is the homotopy pullback of T along i too.

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Proof of Theorem 3.10. We can assume that E, F , 0. Let us use induction on the sum ℓ + m of the
Tor lengths of E and F. By Lemma 3.13, for the starting case ℓ + m = 2 we can assume that E and
F are locally free sheaves of finite rank concentrated in degree 0. But then opRH omX/S(E, F) is an
algebraic space.
For the inductive case, we can suppose that E is of Tor amplitude [a, b] with a < b, as the case
ℓ > 1 can be dealt with in a similar manner. Let T = opRH omX/S(E, τ>aF). We have
opRH omXT/T(ET, FT) ≃
op RH omX/S(E, F) ×S T
and
op RH omXT/T(ET, τ>aFT) ≃
op RH omX/S(E, τ>aF) ×S T.
Therefore, we get a square of T-stacks
op RH omX/S(E, F) op RH omX/S(E, F) ×S T ≃ op RH omXT/T(ET, FT)
T op RH omX/S(E, τ>aF) ×S T ≃ op RH omXT/T(ET, τ>aFT),
Γτ>a
τ>a◦ τ>a◦
∆
which is by construction homotopy Cartesian. But via an argument similar to that of Lemma 3.14,
we also have the homotopy Cartesian diagram
opRH omXT/T(ET, τ≤aFT)
opRH omXT/T(ET, FT)
T opRH omXT/T(ET, τ>aFT).
τ≤a◦
τ>a◦
∆
Therefore, the map of S-stacks opRH omX/S(E, F) → op RH omX/S(E, τ>aF) is equivalent to the
map of S-stacks opRH omXT/T(ET, τ≤aFT)→ T, and thus geometric. But T → S is geometric by the
induction hypothesis, so the composite op RH omX/S(E, F)→ S is geometric too.

Lemma 3.13. Let E ∈ Perf(X)≥0 and F ∈ Perf(X)<0 (recall that this means E has Tor amplitude contained
in [0,∞), and F has Tor amplitude contained in (−∞, 0). Then there exists an ∞-group structure on
opRH omX/S(E, F[1]) such that B(op RH omX/S(E, F[1])) ≃ op RH omX/S(E, F).
Proof. By Lemma 3.14, the Cˇech nerve of ∗
0
−→ opRH omX/S(E, F) gives the group structure on
opRH omX/S(E, F[1]). Therefore, it is enough to show that ∗
0
−→ opRH omX/S(E, F) is essentially
surjective. It is enough to show that for all T ∈ SchS, we have π0(opRH omX/S(E, F)(T)) =
HomD(XT)(ET, FT) = 0. By definition of Tor amplitude, we can assume S = T. Let E
α
−→ F be a
morphism. Let us prove HomX(E,T) = 0 in the derived 1-category D(X). By assumption, we have
τ<0E = 0 and τ≥0F = 0. Therefore, we get a morphism of distinguished triangles
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τ<0E E τ≥0E
τ<0F F τ≥0F.
τ<0
0
τ≥0
α 0
τ<0 τ≥0
This shows that α = 0 as needed.

Lemma 3.14. Let E, F ∈ D(X). Then the diagram of∞-stacks
op RH omX/S(E, F) ∗
∗ op RH omX/S(E[1], F)
is a homotopy fibre product.
Proof. Since the vertices of the diagram are ∞-stacks, it is enough to show that the diagram
is a homotopy fibre product of right fibrations. For that, it is enough to show that we have
a homotopy fibre product of Kan complexes fibrewise. Since for T ∈ SchS we have a natural
equivalence op RH omX/S(E, F)(T) ≃ MapD(XT)op(FXT ,EXT), it is enough to show that the diagram
of Kan complexes
Map
D(XT)
(EXT , FXT) ∗
∗ MapD(XT)(EXT , FXT[1])
is a homotopy fibre product. By the homotopical Dold–Kan correspondence, this in turn is
equivalent to that the diagram of complexes of OXT -modules
τ≤0 RHomD(XT)(EXT , FXT)→ 0→ τ≤0 RHomD(XT)(EXT , FXT [1])
is a fibration sequence. Since τ≤0 is a right adjoint and thus exact, it is enough to show that the
diagram of complexes of OXT -modules
RHomD(XT)(EXT , FXT)→ 0→ RHomD(XT)(EXT , FXT[1])
is afibration sequence. This in turn follows fromRHomD(XT)(EXT , FXT[1]) = RHomD(XT)(EXT , FXT )[1].

3.3. The stack of forms BAutE. Let X be an ∞-topos [Lur09, §6.1], X ∈ X , and ∗
x
−→ X. In our
case, X is the quasi-category of fppf stacks over a scheme S, modelled as the full subcategory of
the quasi-category of right fibrations over C = SchS. Then X is a stack, and x is a global section.
We would like to define the stack of forms of x.
To go about this in the setting of quasi-categories, we take the essential image of the classi-
fying map ∗
x
−→ X. That is, one can first form the loop group Ωx, which we will refer to as the
automorphism group Aut x. This will be a group object ∆op → X with underlying category
10
(Aut x)1 = ∗ ×X ∗. Since in an∞-topos every groupoid object is effective, we can define the stack of
forms of x as the delooping BAut x, that is the homotopy colimit of the automorphism group. By
construction, the classifying map x factors through the canonical map ∗ → BAut x.
One can show that the factorizing map BAut x → X is a monomorphism, that is this is the
epi-mono factorization. In other words, to describe BAutX, we only need to describe its objects.
In the following, we show that the objects are precisely the forms of x, that is sections of X which
are locally equivalent to x.
Proposition 3.15. LetD ∈ X be an object in an∞-topos, and ∗
x
−→ D a global section classifying E ∈ D(∗).
Let T
y
−→ D be another section classifying F ∈ D(T). Then y maps into BAutE if and only if there exists an
effective epimorphism U։ T and an equivalence EU ≃ FU.
Proof. ⇒: Consider the homotopy fibre product
U ∗
T BAutE
x
y
The 2-cell gives an equivalence EU ≃ FU.
⇐: Bydefinition, the essentially surjectivemapU։ T is the colimit of its Cˇech nerve∆op
U•
−−→ X .
Then the equivalence EU
α
−→ FU extends to a morphism of augmented simplicial objects:
. . .
. . .
U1
AutE
U T
∗ D ,
α y
x
which in return gives a factorization of y through BAutE = colim(∆op
AutE
−−−−→ X ).

In [Toe¨11, The´ore`me 2.1] it is shown that if an S-stack F has an fppf-atlas, then it also has a
smooth atlas. This gives us the following Corollary, which is the foundation of our Hilbert 90-type
theorem.
Corollary 3.16. Let E be a perfect complex on S. Let P ∈ {fppf, smooth}. Suppose that AutE is P. Let F be
a complex on an S-scheme T. Then F ∈ (BAutE)(T) if and only if there exists a P-covering U ։ T and a
quasi-isomorphism EU ≃ FU.
Proof. It is enough to show necessity. Consider the following diagram with homotopy Cartesian
squares.
AutE ∗ U
∗ BAutE T.
x y
Since by assumption the left vertical arrow is P, and x is an effective epimorphism, the middle
vertical arrow is also P. This in turn shows that the right vertical arrow is P. Let U ։ U be a
smooth atlas [Toe¨11, The´ore`me 2.1]. Then the compositeU → T is a P-cover, and we have EU ≃ FU.

4. Deformation theory of AutE
Let C be a triangulated category. Given objects A and Bwe define
Ext1(A,B) = Hom(A,B[1]).
A distinguished triangle
B→ T → A→ B[1]
determines an element of Ext1(A,B) and conversely the axioms of a triangulated category tell us
that given σ ∈ Ext1(A,B) there is a unique up to isomorphism triangle determined by σ. Wewill say
in this situation that σ classifies the triangle. Consider an extension in C, that is an exact triangle
M → E
q
−→ E0 →M[1],
and a morphismM
f
→ N. Then there exists a new triangleN → f∗(E)→E0 → N[1] and a morphism
of triangles
M E E0 M[1]
N f∗(E) E0 N[1].
It is classified by a morphism in Hom(E0,N[1]) = Ext
1(E0,N)
Lemma 4.1. In the above situation, the diagram
M E
N f∗(E)
is a push out.
Proof. This follows from the fact that
T
1T
−→ T → 0→ T[1]
is a distinguished triangle. 
Given an exact triangle
N → F→ F0 → N[1] and λ : E0 → F0
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we can consider the pullback triangle
N → λ∗F→ E0 → N[1].
It is classified by an element of Ext1(E0,N).
Proposition 4.2. Consider the diagram
M E E0 M[1]
N F F0 N[1]
Then the dashed arrows exists if and only if λ∗(F¯)  f∗(E¯) inducing a diagram
N f∗E E0 M[1]
N λ∗F E0 N[1]
Proof. If the dashed arrow exists then the left square is a pushout and the right a pullback.
The converse follows by pasting triangles. 
Corollary 4.3. In the situation of the previous proposition, there is an obstruction
[λ∗F] − [ f∗(E)] ∈ Ext
1(E0,N).
to the existence of the dotted arrow.
Proof. This is straightforward. 
Corollary 4.4. Let X0 ֒→ X be a square zero extension of schemes. Suppose that we have a defomation of
perfect complexes E0 and F0 to complexes on X. In other words we have exact triangles
M→ E→ E0 and N → F→ F0.
Then given a diagram
M E E0 M[1]
N F F0 N[1]
there is an obstruction o ∈ Ext1(E0,N) whose vanishing is necessary and sufficient for the existence of the
dashed arrow.
Corollary 4.5. Let E be a perfect complex with locally free cohomology groups. Then the stackAutX/X(E)→
X is formally smooth.
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Proof. The question is local on X so we may assume that E is strictly perfect and quasi-isomorphic
to its cohomology groups. As the automorphism stack is invariant under quasi-isomorphism the
result follows from the smoothness of the general linear group. 
Proposition 4.6. If Aut(E) is formally smooth then any form F of E is e´tale locally quasi-isomorphic to E.
Proof. This follows from 3.16 and [Mil80, Proposition 3.24 (b)]. 
5. A Hilbert 90 theorem
Lemma 5.1. Suppose that P• and Q• are perfect complexes over a noetherian ring R. Let R → S be a flat
morphism. Then
HomDb(S)(P
• ⊗R S,Q
• ⊗R S)  HomDb(R)(P,Q) ⊗R S
Proof. Our hypotheses imply that the notions of strictly perfect and perfect agree. Hence, we can
assume that P• andQ• are bounded complexes of projective modules. We will write Hom•(P•,Q•)
for the homcomplex between these two complexes. The 0th cohomology of this complex computes
HomDb(R)(P,Q). Notice that
Hom•S(P
• ⊗R S,Q
• ⊗R S)  Hom
•
R(P
•,Q•) ⊗R S,
as the analogous formula holds termwise for this complex. The result follows by observing that
⊗RS commutes with taking cohomology, as R→ S is flat. 
Construction 5.2. In the situation of the previous Lemma, take f = ( f1, . . . , fn) ∈ HomDb(R)(P
•,Q•)n.
The morphism R→ R[t1, t2, . . . , tn] = R[t∗] is flat. We obtain a generic morphism
f[t∗] =
∑
ti ⊗ fi : P
• ⊗R R[t∗]→ Q
• ⊗R R[t∗]
The morphism f[t∗] fits into an exact triangle
P• ⊗R R[t∗]→ Q
• ⊗R R[t∗]→ C(f[t∗])
The complex C(f[t∗]) is perfect onA
n
R
and letUf be the complement of the supports of its cohomol-
ogy groups. It is a possible empty open subsscheme ofAn
R
.
Theorem 5.3. Let (R,m) be a noetherian local ring with infinite residue field R/m. Let R → S be a flat
morphism. Suppose that P• and Q• are strictly perfect complexes over R. If there is a quasi-isomorphism
P• ⊗R S  Q
• ⊗R S then there is a quasi-isomorphism P
•  Q•.
Proof. Let f : P• ⊗R S→ Q
• ⊗R S and g : Q
• ⊗R S→ P
• ⊗R S be quasi-isomorphisms. By Lemma 5.1
we obtain lists of homomorphisms
f = ( f1, . . . , fn) and g = (g1, . . . , gm)
with the property that
g =
∑
i
gi ⊗ si f =
∑
i
fi ⊗ si.
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The open subschemesUf andUg ofA
n
R
andAm
R
respectively are non-empty as they have an S-point.
It follows that they have anR/m-point which lifts to anR-point we call α. Taking derived pullbacks
of the generic morphisms along the R-point gives us morphisms of complexes
f¯ : P• → Q• g¯ : P• → Q•.
Thesemorphisms are quasi-isomorphisms as they are derivedpullbacks of quasi-isomorphims. 
Corollary 5.4. Let X be a scheme and E a perfect complex on X. In the situation of the theorem, let
f : Spec(R)→ BAut(E) be a point. Then f factors through the presentation ∗ → BAut(E).
Proof. The morphism f is amounts to giving a morphism φ : Spec(R) → X and a fppf-form of
L∗φ(E). The form is trivial via the theorem, that is it is quasi-isomorphic to L∗φ(E). Hence the lift
exists. 
6. Homotopical Skolem–Noether theorem
In this section, we will prove the homotopical Skolem–Noether theorem: for a perfect complex E on
X, letting SuppE
i
−→ X denote the inclusion of the support of E, we have a fibration sequence of
pointed∞-stacks
i∗ BGm → BAutE→ BAutREndE.
The main idea of the proof of our result came from the description of the derived stack of
derived Azumaya dg-categories [Toe¨12, §2.2]. Over a commutative simplicial ring A, Toe¨n says
that a simplicial algebra A→ B is a derived Azumaya algebra, if
(1) the underlying A-dg-module B is a compact generator of the triangulated category D(A),
and
(2) the map B ⊗L
A
B
c7→bcb′
−−−−−→ RHomA(B,B) is an isomorphism in D(A).
Then he shows that derived Azumaya algebras are e´tale locally Morita trivial, that is there exists
an e´tale covering A → A′ such that we have an equivalence of dg-categories ModB′
A
≃ ModA′
[Toe¨12, Proposition 1.14]. Thus, he can say that an dg-categoryM is a derived Azumaya dg-category,
if it is e´tale locally trivial. He shows that the derived stackDgAz = BAutModX of derivedAzumaya
dg-categories is equivalent to B2Gm × BZ [Toe¨12, Corollary 2.12]. In other words, he shows that
we have a homotopy Cartesian square
BGm × Z ∗
∗ BAutModX .
Our method of proof will be to add an arrow in the middle:
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BGm × Z ∗
EWE BAutREndE
∗ BAutModX,
(F, n) 7→ E ⊗ F[n]
REnd
A 7→ModA
and show that the small squares are homotopy Cartesian too. Here, EWE ⊆ Perf is the full
subcategory on perfect complexes F such that REndE ≃ REndF. Since we work in the language
of quasi-categories, first we will have to define the higher algebraic structure on complexes on
schemes in the language of [Lur16]. Then we can use the Morita theory developed by Lurie in this
setting [Lur16, §4.8]
6.1. Higher algebra on complexes on schemes. To be able to make higher algebraic statements
about complexes on schemes, we equip the stack opDS with the structure of the opposite of a family
of symmetric monoidal quasi-categories. Following the point of view of [Lur16, §2], this means
the following.
Take the category Fin∗ with
• objects the pointed finite sets 〈n〉 = {∗, 1, . . . , n} for n ≥ 0. We denote 〈n〉◦ = {1, . . . , n}.
• morphism set HomFin∗(〈m〉, 〈n〉) = {〈m〉
α
−→ 〈n〉 : α(∗) = ∗}. A morphism 〈m〉 → 〈n〉 can be
thought of as a partially defined morphism 〈m〉◦ → 〈n〉◦.
For each n > 0 and i ∈ 〈n〉◦, we fix the map 〈n〉
ρi
−→ 〈1〉 with
ρi( j) =

1 i = j
∗ else.
Let C ⊗
p
−→ N Fin∗ be a morphism of simplicial sets. We denote C
⊗
〈1〉
by C . Then p is a symmetric
monoidal quasi-category, if
(1) it is a coCartesian fibration, and
(2) for each n ≥ 0, the map C ⊗
〈n〉
(ρi
!
)n
i=1
−−−−→ C ×n is a categorical equivalence.
The idea here is that coCartesian edges give the usual operations. For example, the zigzag
C
×2
(ρ1
!
,ρ2
!
)
←−−−−
≃
C
⊗
〈2〉
(pr1)!
−−−→ C
gives the map (C,D) 7→ C ⊗D.
Let K be a simplicial set, and C ⊗
p
−→ N Fin∗ ×K a morphism of simplicial sets. Then p is a family
of symmetric monoidal quasi-categories on K, if
(1) it is a coCartesian fibration, and
(2) for each k ∈ K, the fibre C ⊗
k
pk
−→ N Fin∗ is a symmetric monoidal quasi-category.
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Notation 6.1. Let T be an S-scheme. Then we have a dg-flat resolution functor ChT
PT
−→ Dfl(T)
with counit map ChT × ∆1
rT
−→ ChT [DZs18, Notation 3.8]. We denote by ⊗L
T
the composite
Ch(T) × Ch(T)
P×2
T
−−→ Dfl(T) ×Dfl(T)
⊗OT
−−−→ Dfl(T).
Let K ∈ Ch(T). Then we denote by PTK
rK
−→ K the restriction rT |{K} × ∆
1. Let U
f
−→ T be a
morphism of T-schemes. Then we denote by L f ∗ the composite Ch(T)
PT
−→ Dfl(T)
f ∗
−→ Dfl(U).
Construction 6.2. Let opD⊗
S
be the following simplicial set.
• ForN ≥ 0, its N-simplices are tuples
(σ, τ, ((Ii,a)a∈〈ni〉◦)
N
i=0, (( fI,a)a∈〈ni− 〉◦)
|I|≥2
I⊆[N]
),
where
– σ = ((〈ni〉op)Ni=0, (α
op
i j
)N
i, j=0) is an N-simplex of N(Fin∗)
op,
– τ = ((Ti)Ni=0, (ti j)
N
i, j=0) is an N-simplex of N(SchS),
– for all 1 ≤ i ≤ N, (Ii,a)a∈〈ni〉◦ ∈ D(Ti)
×ni , and
– for all I = {i− < i1 < · · · < iM < i+} ⊆ [N] withM ≥ 0 and a ∈ 〈ni−〉
◦
( fI,a)a∈〈ni− 〉◦ ∈ Hom
M
Ti−
(Lt∗i−i+ ⊗
L
b∈α−1
i−i+
(a)
Ii+,b, Ii−,a)
×ni− ,
such that we have
d fI,a =
M∑
k=1
(−1)k( fI−{ik},a ◦ (t
∗
i− ik
rLt∗
ik i+
⊗L
c∈α−1
i− i+
(a)
Ii+,c
)) − f[i−,ik],a ◦ Lt
∗
i−ik
⊗L
b∈α−1
i−ik
(a)
f[iki+],b.
• Let [N]
γ
−→ [N′] be a morphism of standard simplices. Then the map of simplices
HomSet∆(∆
N, opD⊗
S
)
γ∗
−→ HomSet∆(∆
N′, opD⊗
S
)
maps
(σ, τ, ((Ii,a)a∈〈ni〉◦)
N
i=1, (( fI,a)a∈〈ni− 〉◦)
|I|≥2
I⊆[N]
),
to
(σ′, τ′, ((I′i,b)b∈〈n′i 〉◦)
N′
i=1, (( f
′
I,b)b∈〈n′i− 〉
◦)|I|≥2
I⊆[N′]
),
where
– σ′ = σ ◦ γ,
– τ′ = τ ◦ γ,
– for i ∈ [N′] and a ∈ 〈n′
i
〉◦ = 〈nγ(i)〉
◦: I′
ia
= Iγ(i)a, and
– for I = {i− < i1 < · · · < iM < i+} ⊆ [N′] withM ≥ 0 and a ∈ 〈nγ(i−)〉
◦, we have
f ′Ia =

fγ(I)a γ|I is injective,
idI′
ia
|I| = 2 and γ(I) = {i},
0 else.
Proposition 6.3. The forgetful map opD⊗
S
p
−→ Fin
op
∗ × SchS is the opposite of a family of symmetric monoidal
quasi-categories.
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Proof. First, let’s show that p is a Cartesian fibration. Let e be an edge in Fin
op
∗ × SchS. As every
arrow decomposes as a composition of such, we can assume that at least one component of e is the
identity.
i) Suppose that e = (αop, idT), where 〈k〉
α
−→ 〈m〉 is an arrow in Fin∗, and T is an S-scheme.
Let (Ia)a∈〈k〉◦ ∈
opD
⊗
S
(T)〈k〉. For b ∈ 〈m〉
◦, let Jb = ⊗a∈α−1(b)Ia. We claim that the map (Jb)
e∗
−→ (Ia)
in opD⊗
S
given by the identity on (Jb) is a Cartesian arrow over e. Let 〈m〉
β
−→ 〈n〉 be another
arrow in Fin∗, and (Kc)c∈〈n〉◦ ∈
opD
⊗
S
(T)〈k〉. We need to show that the map Map(βop ,idT)((Kc), (Jb))
e∗◦
−−→
Map(βopαop,T)((Kc), (Ia)) is an equivalence. By construction, we have
Map(βop ,idT)((Kc), (Jb)) =
∏
c∈〈n〉◦
MapT(⊗b∈β−1(c) Jb,Kc) =
∏
c∈〈n〉◦
MapT(⊗a∈(αβ)−1(c)Jb,Kc)
and
Map(αβ)op,idT ((Kc), (Ia)) =
∏
c∈〈n〉◦
MapT(⊗a∈(αβ)−1(c) Jb,Kc),
which proves the claim.
ii) Suppose that e = (id〈n〉op , g), where U
g
−→ T is a morphism of S-schemes. Let (Ia)a∈〈n〉◦ ∈
opD
⊗
X
(Y)〈n〉. For each a ∈ 〈n〉
◦, we have a dg-injective resolution functor Lg∗Ia
qa
−→ Ja. We claim that
the edge (Ja)a∈〈n〉◦
(qLg∗Ia )a∈〈n〉◦
−−−−−−−−→ (Ia)a∈〈n〉◦ in
opD⊗
X
is e-Cartesian. For this, we need to show that for each
edge e′ = (〈m〉op
βop
−−→ 〈n〉op,V
h
−→ U) in Fin
op
∗ × SchX and object (Kb)b∈〈m〉◦ , the map of Kan complexes
Mape′((Kb)b∈〈m〉◦ , (Ja)a∈〈n〉◦ )
(qLg∗Ia )a∈〈n〉◦◦
−−−−−−−−−→Mapee′((Kb)b∈〈m〉◦ , (Ia)a∈〈n〉◦ )
is a weak equivalence. But just as in [DZs18, Lemma 5.8], this is the weak equivalence
∏
b∈〈m〉◦
Map
D(V)(⊗a∈β−1(b)Lh
∗ Ja,Kb)
∏
b∈〈m〉◦ (◦⊗a∈β−1(b)qLg∗Ia )
−−−−−−−−−−−−−−−−−→
∏
b∈〈m〉◦
Map
D(V)(⊗a∈β−1(b)Lh
∗Lg∗Ia,Kb)
∏
b∈〈m〉◦ (◦⊗a∈β−1(b)h
∗rg∗Ia )
−−−−−−−−−−−−−−−−−→
∏
b∈〈m〉◦
Map
D(V)(⊗a∈β−1(b)L(gh)
∗Ia,Kb).
This concludes the proof of that p is a Cartesian fibration.
iii) The last thing to check to prove that p is a co-family of symmetric monoidal quasi-categories
is the following. Let (〈n〉op,Y) ∈ Fin
op
∗ × SchX and (Ia)a∈〈n〉◦ ∈ D
⊗(Y)〈n〉. Then for each a ∈ 〈n〉
◦, we
have Ia ∈ D(Y). We need to show that the edge (Ia)a∈〈n〉◦
∏
a∈〈n〉◦ (ρa)∗
−−−−−−−−→
∏
a∈〈n〉◦
∏
a∈〈n〉◦ Ia in D
⊗(Y) is an
equivalence. But we saw in i) that this map is the identity, so we’re done.

6.2. Homotopical Skolem–Noether theorem. In [Lur16, §4.8], Lurie constructs the following ho-
motopy commutative diagram of quasi-categories
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PrAlg Pr
Mod
M/
PrMon .
Θ∗
The vertices are classifying objects
(1) PrMon of monoidal quasi-categories C ⊗ with presentable underlying quasi-category C ,
(2) PrAlg of pairs (C ⊗,A) where C ⊗ is a monoidal quasi-category with presentable underlying
quasi-category and A is an algebra object in C , and
(3) PrMod
M/ of triples (C
⊗,M ,M), where C ⊗ is a monoidal quasi-category with presentable
underlying quasi-category, M is a presentable quasi-category left-tensored over C ⊗, and
M ∈ M .
The following assertions hold.
(1) The vertical maps are coCartesian fibrations [Lur16, Proposition 4.8.5.1].
(2) The map PrAlg
Θ∗(A)=(ModA,A)
−−−−−−−−−−−−→ PrMod
M/ is the right adjoint of a localization map, the End
functor PrMod
M/
End(M ,M)=EndM
−−−−−−−−−−−−−→ PrAlg [Lur16, Theorem 4.8.5.11].
Moreover, we have the following Eilenberg–Watts-type theorem.
Theorem 6.4 (Homotopical Eilenberg–Watts Theorem). [Lur16, Remark 4.8.4.9] Let C ∈ PrMon
be a presentable monoidal quasi-category, and A,B ∈ Alg(C ) two algebra objects. Then the functor
A BModB
M 7→⊗AM
−−−−−−→ LinFunC (RModA(C ),RModB(C )) is an equivalence.
In §6.1, we have constructed a co-family of presentable symmetric monoidal quasi-categories
opD⊗
X
→ SchX. As a co-family of monoidal quasi-categories, it is classified by a map SchX →
(PrMon)op. Pulling back the opposite of the above along this map, we get an adjoint pair of stacks
opAlg
DX
(Y)
Mod
--
⊥ opDg∗X,
REnd
mm
where for an X-scheme Y,
(1) the Kan complex Alg
DX
(Y) classifies dg-algebras in D(Y), and
(2) the Kan complex Dg∗X(Y) classifies pairs (M ,M) of a D(Y)-dg quasi-category M and an
objectM ∈ M .
Let’s reformulate the Homotopical Eilenberg–Watts Theorem in this setting.
Corollary 6.5. Let Y ∈ SchX be an X-scheme, and A,B ∈ AlgD(Y) algebras of complexes of quasicoherent
OY-modules. Then the functor
AModB
M 7→⊗L
Y
M
−−−−−−→ Fun
D(Y) Mod(ModA,ModB)
is an equivalence.
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Notation 6.6. Let Y ∈ SchX be anX-scheme and E ∈ D(Y) a complex of quasicoherentOY-modules.
Then the annihilator of E is the kernel of the scalar multiplication map OY
c7→c·
−−−→ REndE. It is
denoted by AnnE. The quotient OY/AnnE is denoted by OE. The corresponding subscheme
SuppE ⊆ Y is the support of E.
Theorem 6.7 (Homotopical Skolem–Noether Theorem). Let E ∈ Perf(X) be a perfect complex. Let
SuppE
i
−→ OX denote the inclusion map. Then we have a fibration sequence of pointed ∞-stacks over X:
i∗ BGm
L 7→E⊗L
OE
L
−−−−−−−→ BAutE
REnd
−−−−→ BAutREndE.
Proof. (I) We claim that ModREndE ≃ModOE . Note that E
∨ ⊗L
REndE
E ≃ OE and E ⊗
L
OE
E∨ ≃ REndE.
This shows that the functors
ModREndE
⊗L
REndE
E
−−−−−−→ ModOE and ModOE
⊗L
OE
E∨
−−−−−→ModREndE
are mutually inverse equivalences. Therefore, the functor BAutopAlg
DX
REndE
A 7→ModA
−−−−−−−→ opDgX
maps into the substack BAutopDgX ModOE ⊂
opDg(X).
(II)We claim that AutopDgX ModOE ≃ i∗ BGm×Z. By theHomotopical Eilenberg–Watts Theorem,
the subgroupAutop DgX ModOE ⊂ Endop DgX ModOE is equivalent to the group of invertible elements
of ModOE (where multiplication is given by derived tensor product). Note that F ∈ ModOE is
invertible if and only if it is of the form i∗G[n], where G is an invertible OE-module. This proves
the claim1.
(III) Let EWE ⊆ opDX denote the full subcategory on perfect complexes F such that REnd(E) ≃
REnd(F). To prove the Theorem, it is enough to show that the squares in the diagram of right
fibrations overs SchX
i∗ BGm × Z ∗
EWE BAutREndE
∗ BAutModOE
i∗ BGm
BAutE
F 7→ E ⊗ F (F, n) 7→ E ⊗ F[n]
REnd
A 7→ModA
are homotopy Cartesian. By (II), the big vertical square is Cartesian. Therefore, it is enough to
show that the small top left and bottom right squares are Cartesian.
(IV) We claim that the bottom right square in (III) is Cartesian. Since the pointed map
BAutREndE
Mod∗(A)=(ModA,A)
−−−−−−−−−−−−−−→ opDg∗X is fully faithful [Lur16, Theorem 4.8.5.5], it is an equivalence
onto its image BAut∗(ModREndE,REndE). By (I), we have (ModREndE,REndE) ≃ (ModOE ,OE).
Therefore, it is enough to show that the outer square in the diagram of right fibrations over SchX
1This result, in case E is totally supported, is proven in a different setting in [Toe¨12, Corollary 2.12].
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EWE BAutREndE BAut∗(ModREndE,E) BAut∗(ModOE ,OE)
SchX BAutModOE BAutModOE BAutModOE= =
REnd Mod∗
≃
⊗L
REndE
E
≃
Mod
is homotopy Cartesian. Since this diagram is strict Cartesian by construction, it is enough to show
that the forgetful map BAut∗(ModOE ,OE) → BAutModOE is a right fibration onto its essential
image. But this is a restriction of the forgetful map Mod∗ → Mod, which is a right fibration, to a
connected component, which proves the claim.
(V) The last claim we need to prove is that the strict Cartesian square
i∗ BGm i∗ BGm × Z
BAutE EWE
(F,n) 7→ E ⊗ F[n]
is homotopy Cartesian. This follows from that the inclusion BAutE → EWE is fibrewise the
inclusion of connected components.

Application 6.8. Let X
f
−→ S be a proper and smooth morphism of algebraic spaces. In [Lie09],
Lieblich compactifies the stack f∗BPGLn of families of principal PGLn-bundles the following way.
Using the version of the Skolem–Noether theorem
1→ µn → SLn → PGLn → 1,
we get that the natural map B SLn (µn → BPGLn is an equivalence. Here, B SLn (µn is the
rigidification, that is the target of the universal morphism B SLn → B SLn (µn which is invariant
with respect to the µn-action on B SLn given by scalar multiplication [ACV03, §5.1]. Let T
O
X/S(n)
denote the stack of totally supported sheaves with trivialized determinant and rank n at every
maximal point. Then one can show that the stack f∗(T
O
X/S(n) ( µn) is a quasi-proper Artin stack
[Lie09, Lemma 4.2.2] such that the natural map f∗BPGLn → f∗(T
O
X/S(n)(µn) is an open immersion
[Lie09, Lemma 4.2.3].
To give another description of the objects classified by f∗(T
O
X/S(n) ( µn), Lieblich introduces
the notion of pre-generalized Azumaya algebras. These are perfect algebra objects A of the derived
category D(X) = HoD(X) such that there exists a covering U → X and a totally supported perfect
sheaf F onU such that A|U ≃ REnd(F). Then he considers the category fibred in groupoidsPR of
pre-generalized algebras,where the isomorphisms are theweak algebra isomorphisms ofAlgD(X).
Since working in this truncated setting he can’t keep track of all the higher descent data, he needs
to make the stack of generalized Azumaya algebras G the stackification of PR. Therefore, although
he can show that the objects of G are the weak algebras of the form Rπ∗ REnd(F) where X
π
−→ X
is a Gm-gerbe and F is a totally supported perfect X -twisted sheaf [Lie09, Proposition 5.2.1.12],
he can only give a somewhat implicit description of the isomorphisms in G [Lie09]. The derived
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Skolem–Noether theorem he proves [Lie09, Theorem 5.1.5] can be viewed as the 1-truncation of
our result. It implies that the natural map T O
X
(n)
REnd
−−−−→ GX induces an equivalence T
O
X
(n) ≃ GX.
He shows that stackification is not needed in case X
f
−→ S is a smooth projective relative surface
[Lie09, Proposition 6.4.1]. Our result implies that this holds in general.
Proposition 6.9. Let X be a quasi-compact and quasi-separated scheme. Then the category fibred in
groupoids of pre-generalized Azumaya algebras PRX is a 1-stack.
Proof. Let PR∞X ⊂ AlgPerfX denote the full substack of pre-generalized Azumaya algebras. We
claim that PR∞X is a 1-stack. This will show that PR
∞
X ≃ PRX is a 1-stack.
Let A be a pre-generalized Azumaya algebra on X. We need to show that BAutA ⊂ PRX is
1-truncated. Letting X = X (A) ∈ B2Gm(X) denote the gerbe of trivializations of A, there exists
an X -twisted totally supported perfect sheaf X such that A ≃ REnd(F) [Lie09, Lemma 5.2.1.1].
Consider the sequence of canonical maps
BGm → BAutF
REnd
−−−−→ BAutA.
Since being a fibration sequence of pointed ∞-stacks is local, and the twisted sheaf F is locally
isomorphic to a sheaf, our result implies that this is a fibration sequence. Therefore, we have an
exact sequence
π2BAutF→ π2BAutA→ π1BGm → π1BAutF.
As BAutF is a 1-stack, we have π2BAutF = 0. Moreover, the map π1BGm → π1BAutF is the
scalar action Gm → Aut F, which is injective. These two facts imply π2BAutA = 0. For i > 2, we
have an exact sequence
0 = πiBAutF→ πiBAutA→ πiBGm = 0,
thus πiBAutA = 0. The claim is proven.

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